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The phenomenon of relaminarization is observed in many
flow situations, including that of an initially turbulent bound-
ary layer subjected to strong favourable pressure gradients.
Available turbulence models have hitherto been unsuccessful
in correctly predicting boundary layer parameters for such
flows. Narasimha and Sreenivasan [1] proposed a quasi-
laminar theory (QLT) based on a two-layer model to explain
the later stages of relaminarization. This theory showed
good agreement with the experimental data available, which
at the time was at relatively low Re. QLT, therefore, could
not be validated at high Re.
Some of the more recent experiments report for the first
time comprehensive studies of a relaminarizing flow at rela-
tively high Reynolds numbers (of order 5×103 in momentum
thickness), where all the boundary layer quantities of interest
are measured. In the present work, the two-layer model is re-
visited for these relaminarizing flows with an improved code
in which the inner-layer equations for quasi-laminar theory
have been solved exactly. It is shown that even for high-Re
flows with high acceleration, QLT provides a much superior
match with the experimental results than the standard turbu-
lent boundary layer codes. This agreement can be seen as
strong support for QLT, which therefore has the potential to
be used in RANS simulations along with turbulence models.
Nomenclature
Ue External velocity
Us Slip velocity in outer layer solution
ρ Density
ν Kinematic viscosity
∗Address all correspondence to this author.
P Pressure
δ Boundary layer thickness
δ? Displacement thickness
θ Momentum thickness
H Shape factor = δ?/θ
τ Shear stress
uτ Friction velocity
y+ Wall distance in viscous units =
yuτ
ν
κ von Ka´rma´n constant
K Launder’s pressure gradient parameter =
ν
Ue2
dUe
dx
Λ Pressure gradient parameter =− δ
τw0
dP
dx
∆p Pressure gradient parameter =
ν
ρu3τ
dP
dx
Re Reynolds number
Reθ Reynolds number based on θ
Reδ Reynolds number based on δ
x0 Location of beginning of contraction in the experimental
set-up
x1 Location of maximum c f
xrt Location of retransition
1 Introduction
Relaminarization or ‘reverse transition’ occurs when a
turbulent or transitional boundary layer reverts to a laminar-
like state. This phenomenon was first suspected on a gas
turbine blade [2] which exhibited an unexpected drop in the
measured heat-transfer co-efficients. Relaminarization has
since been investigated not only in the turbine blades [3] but
also in many technological flow situations including swept
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Fig. 1: ‘Soft’ relaminarization due to strong FPG. Note that
the Reynolds stress does not go down in absolute magnitude
in the ‘laminarised’ region but become negligible compared
to imposed dynamic pressure
wings [4], nozzle contractions [5] and supersonic Prandtl-
Meyer expansion corners [6]; they occur in geo- and bio-
mechanical situations as well. It has been observed [7]
that relaminarization of an initially turbulent or transitional
boundary layer or duct flow can occur due to one or more of
several reasons including: (a) dissipation of turbulent energy
due to the action of viscosity or other molecular transport
properties, (b) absorption due to an external force or agent
such as buoyancy or curvature, and (c) domination of the
Reynolds stresses by other imposed forces, such as due to
severe acceleration of the free stream in highly favourable
pressure gradient (FPG) or a strong normal magnetic field
in a magnetohydrodynamic duct flow. In the first two cases,
the decay of turbulent intensity leads to changing the char-
acter of the mean flow. However, in the third case, the dom-
ination of pressure forces over a nearly frozen or slowly re-
sponding Reynolds shear stress plays the major role in re-
laminarization [1] (henceforth referred to as NS73). Thus,
the Reynolds stresses are not quenched, but their contribu-
tions to momentum balance become negligible compared to
that of the pressure gradient. It has for this reason been called
‘soft’ relaminarization [8], in contrast to the first two cases
where there is ‘hard’ relaminarization leading to decay and
eventual quenching of turbulence.
In the present work, we will limit our discussions only
to relaminarizing boundary layers pertaining to the third cat-
egory, where the dynamics of reversion is more intriguing.
Figure 1 is a cartoon of relaminarization due to strong FPG,
where one noted characteristic feature of the relaminarizing
flow, namely the thinning of the initially turbulent boundary
layer, is depicted. It should also be noticed that this relam-
inarization, unlike direct transition to turbulence (which oc-
curs through the relatively sudden appearance of turbulent
spots at a fairly well-defined onset location), is a gradual
rather than catastrophic process; e.g. there is no abrupt drop
in the boundary layer thickness (δ). It is therefore difficult
to define a critical value for some single parameter to iden-
tify the onset of relaminarization. Several investigators have
nonetheless proposed different indicators of relaminarization
and pressure gradient parameters, each with its own critical
value, to predict an onset in terms of some flow variable, as
listed in Table 1 (based on [7] and [9]).
As depicted in Fig. 1, the turbulent intensity does not
come down very much in absolute magnitude; rather its nor-
malized value with respect to the free-stream dynamic pres-
sure declines continuously. Because of this the later stages
of the relaminarizing boundary layer tends to a state that
can be called ‘quasi-laminar’ or ‘laminarized’, as its features
are more ‘laminar-like’ than turbulent (in the sense that the
mean flow can be predicted without appeal to any turbulence
quantity, including the Reynolds shear stress). Warnack &
Fernholz [10] have compared the mean-velocity profiles with
the Falkner-Skan profiles at different streamwise stations in
the relaminarizing region, and have noticed that the profiles
deviate from the standard ‘log-law’ as we go downstream.
Sufficiently far downstream (in the quasi-laminar region),
their match with the Falkner-Skan solutions is reasonably
good. NS73 have also compared the profile of a relaminar-
ized boundary layer with a Blasius profile, and they found the
agreement to be excellent. However in both cases turbulent
fluctuations remained easily measurable.
Apart from the decrease in δ, the laminarized boundary
layer can be easily identified by a rapid increase in the shape-
factor (H) and a substantial decrease in the skin friction (c f )
and heat-transfer co-efficients. After extensive study of ex-
perimental data, NS73 have proposed a quasi-laminar theory
(QLT) to predict boundary layer parameters in this region.
This theory has been successfully tested against experimen-
tal data that were available before 1972. These experiments
were, however, mostly at relatively low Reynolds numbers
(Re of order of a few to several hundreds based on momen-
tum thickness), and often lacked measurements of several
crucial boundary layer parameters (e.g. skin-friction) in the
same flow. Some of the experimental data available at that
time also had considerable scatter or poor momentum bal-
ance, and were therefore found to be not sufficiently reli-
able [11] for validating the theory.
As experimental as well as DNS data are now available
on many relaminarizing flows, at relatively high Re and at
high acceleration, we revisit QLT for some of these flows.
While these recent investigations confirm the earlier con-
clusions in general [7], none of them attempted quantitative
comparisons between the two-layer theory and the experi-
mental data. It is our objective here to fill this gap. For this
purpose, a new improved code has been developed to solve
the QLT equations exactly and with higher precision. This
study gains significance from the fact that the available tur-
bulence models have not been found reliable for predicting
boundary layer parameters in a relaminarizing flow, as will
be shown in later sections.
2 Recent Studies on Relaminarization
Sreenivasan [11] has presented an excellent review of
experiments on relaminarizing flows available before 1983.
He has also identified experiments that can be considered ‘re-
liable’ and ‘trustworthy’. He lamented the fact that despite
many experiments whose results were available at that time,
there was no single experiment that could be ‘recommended
for turbulence modeling and further computations’.
Since the publication of that review, there have been
Table 1: Criterion for the onset of Relaminarization
Ref. Parameter Definition Onset value
[12] K νU2e
dUe
dx 3.0×10−6
[12] H δ
?
θ min(H)
[13] ∆p νρu3τ
dP
dx −0.025
[14] K νU2e
dUe
dx 3.5×10−6
[15] ∆τ νρu3τ
dτ
dy −0.009
[16] Reθ Ueθν 300
[17] K νU2e
dUe
dx 3.6×10−6
[1] Λ − δτw0
dP
dx 50
at least 4 detailed experimental studies (to the best of our
knowledge), which address several concerns raised in [11]
through improved setup and instrumentation. We consider
that among these studies, the experiment by Bourassa and
Thomas [9], apart from having been carried out at the high-
est initial Reynolds numbers Reθ0 to-date, has implemented
most of the suggestions made in [11] for a future experiment,
and could be the best single case for developing or validating
a model for relaminarization in high FPG.
Table 2 lists recent laboratory experiments including
two entries from the list available in [1] and [11] which
are often quoted in the recent literature. The experiments
in which comprehensive data are not available or otherwise
considered not ‘reliable’ (according to [11]) are not consid-
ered in preparing this list. This table includes a brief sum-
mary about each flow including (wherever available) the ini-
tial Reynolds number (Reθ0), beginning of contraction in
the experiment (x0), extent of the laminarized zone for the
present analysis, defined by the region between maximum
c f near contraction (x1) and the minimum c f at retransi-
tion (xrt ), maximum acceleration as defined by parameters
K and Λ, minimum and maximum shape factors as well as
a brief description about the set-up and measurement tech-
niques used. Brief comments about these flows are given
below.
Badri Narayanan & Ramjee [16] report a series of seven
experiments using a tunnel wall-liner as well as wedges to
achieve high acceleration. There is usually a large scatter
in the data, and skin-friction measurements were made only
in two experiments out of the seven. In [1], these two cases
were considered for the assessment of QLT. The major draw-
back of these experiments is very low initial Reynolds num-
bers, which unfortunately do not rule out low Re effects.
Blackwelder & Kovasznay [17] used a 2D contraction
to achieve relaminarization and showed that the Reynolds
shear stress in the outer region (away from the wall) re-
mains nearly constant along mean streamlines in the relam-
inarizing region. This aspect is further discussed in the next
section. The intermittency factor however decreased con-
tinuously along mean streamlines through strong FPG. De-
spite being the only detailed study at a relatively high initial
Reynolds number (Reθ0 = 2500) at the time of Sreenivasan’s
review, its usefulness is limited by poor 2D momentum bal-
ance.
Escudier et. al [18] used a contraction shape based on
an inviscid analytical solution for a forward-facing step to
achieve high acceleration. They used an improved method
(compared to BK) to estimate intermittency, and argued that
the change in the structure of the turbulent boundary layer
can be explained by the fall in intermittency in the vicinity
of the wall (from 1 to virtually zero when the flow is fully
‘laminarized’). In their experiment, it is noticed that as K
reaches K? = 3× 10−6 (where superscript denotes the pro-
posed critical value) there is a steep fall in Reθ from around
1100 to 300 in a distance of 0.1 m - steeper than in any other
experiment carried out to-date. Also, Interestingly the re-
gion highlighted by [18] in their plots does not correspond to
laminarized zone as defined above (x1− xrt) and, in fact, c f
keeps falling (and H rising) beyond that highlighted region.
In the context of these observations, the low-Re effect can-
not be ruled out for the sharp and sudden change in boundary
layer parameters. Furthermore there is a strong and local de-
parture from two-dimensionality in the region of the steep
fall of Reθ.
Warnack & Fernholz [10] have performed careful exper-
iments on an axisymmetric center-body in a wind tunnel and
focussed on reducing the error in skin-friction measurements
due to the use of the same instrumentation in different flow
regimes (fully turbulent, laminar-like, zero-pressure gradient
etc.). In order to achieve this objective, they have used Pre-
ston tubes, surface fences, wall hot-wire probes as well as
oil-film interferometry for c f measurement. Out of the four
experiments they performed with this set-up, two (labelled
WF2 and WF4 in Table 2) exhibited relaminarization, and
confirmed the validity of ideas underlying the analysis of [7].
Bourassa & Thomas [9] present an experimental inves-
tigation on a flat-plate turbulent boundary layer in a high
contraction which achieves steep favourable pressure gradi-
ents over a small distance. The peak value of the pressure-
gradient parameter K thus achieved is 4.5× 10−6, which is
1.5 times higher than the ‘critical’ value 3×10−6 often con-
sidered as necessary for relaminarization. Compared to other
experiments, BT have the longest history of flow develop-
ment for the ‘initial’ turbulent boundary layer before accel-
eration is applied, and the highest Reθ0 to-date. In their study,
they report most of the flow quantities of interest, measured
to high precision.
Figure 2 shows the external velocity distribution for
all the recent experiments with an initial Reynolds number
Reθ0 > 800 in Table 2. The entry with legend IY in this fig-
ure is taken from [19] (Reθ0 = 799) . The work of [19] is
very largely concerned with the structural changes of the re-
Table 2: Experimental Studies on Relaminarization
Reference label Reθ0
Contraction Zone Max Accel. Sh. factor Setup.
Measurement
Techniquex0 x1 xrt 106K Λ Hmin Hmax
Badri Narayanan &
Ramjee (1969) [16]
BR2 310 0.1778 0.2286 0.508 8 30 1.4 2.6 Wall liner. Pitot. Hot
wire. Heat transfer
gaugeBR3 410 0.1778 0.3048 0.4572 8.1 35 1.36 2
Blackwelder & Ko-
vasznay(1972) [17]
BK 2500 9.7 9.7 11.4 4.8 150 1.22 1.78 2D Contraction. Hot-
wire, X-probe
Warnack & Fernholz
(1998) [10]
WF2 862 1.218 1.353 1.653 4 63 1.34 1.68 Axi. center-body.
Preston tube, surface
fence, hot-wire,
oil-film
WF4 2564 3.238 3.483 3.733 3.88 175 1.26 1.6
Escudier et. al (1998)
[18]
ES 1700 3.5 3.8 4.5 4.4 - 1.32 2.4 Contraction. Hot-
wire, Hot film
Bourassa & Thomas
(2009) [9]
BT 4590 9.14 9.21 9.67 4.5 - 1.16 1.74 Contraction. X-wire.
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Fig. 2: Velocity distribution in the relaminarizing region for
various flows
laminarizing boundary layer but no data on mean flow prop-
erties are available. The velocity distribution for WF2 and
WF4 are similar as the same centre-body was used to gener-
ate the pressure distribution. Clearly BT stands out from the
rest, with the strongest acceleration (Ue increases by a factor
of about 5.14 in a contraction length of 0.61 m). The high
strain rate present in this region changes the structure of tur-
bulence enormously and the local skin friction c f falls by a
factor of around 2.5 within the contraction.
In the light of this discussion it can be seen that among
available experiments, BT-flow presents the most severe
high-Re case for assessing as well as developing relaminariz-
ing flow models. A rigorous assessment of QLT for this flow,
as presented in the following sections, is a first step towards
development of such models.
Here it should be pointed out that all the experiments
mentioned in Table 2, except BT, report breakdown of the
standard log-law in the relaminarized region. BT, however,
argue that the logarithmic law persists even in the relaminar-
ized region, but with substantially different values of slope
and intercept. It may require a few more experiments at high
Re to settle this issue.
There have also been more recent DNS studies ( [20],
[21]) which confirm most of the general features of the re-
laminarizing flow as described here. They are not considered
here for the present study as the initial Reynolds numbers (
Reθ0 = 458 for [20], and Reθ0 = 1130 and 1900 for [21]) for
these simulations are still appreciably lower than that of [9].
3 Quasi-laminar theory
NS73 have proposed a quasi-laminar theory based on
their two-layer model, comprising a viscous inner layer and
an outer stress-free (hence inviscid) but rotational layer, to
explain the mechanics of relaminarization. As the present
analysis follows [7], only a summary of the method is given
below.
In the region with high favourable pressure gradients,
the turbulent structures in the outer layer are distorted due
to rapid flow acceleration. This leads to the Reynolds shear
stress being ‘frozen’ along streamlines and hence out of step
with the steep rise in the dynamic pressure. Consequently the
pressure gradient dominates the slowly responding Reynolds
shear stress in the outer layer, i.e. dp/dx ∂τ/∂y, and hence
the boundary layer begins drifting away from a fully turbu-
lent state to a turbulence-independent. Thus the outer layer
can be treated as stress-free for calculations, with a slip ve-
locity Us at the surface.
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Fig. 3: Reynolds shear stress along streamlines (a)BT
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In order to satisfy the no-slip boundary condition, an in-
ner viscous sub-boundary layer develops subsequently. (In
other words, the viscous sublayer already present in the
turbulent boundary layer is transformed to a laminar sub-
boundary layer.) This layer can be thought of as originating
from the decaying upstream turbulence in the viscous sub-
layer of the turbulent boundary layer and is maintained in a
stable state by the highly favourable pressure gradient.
3.1 Validity of QLT for recent experiments
We now discuss two aspects of QLT: frozen Reynolds
stress and conservation of mean vorticity, in order to ascer-
tain their validity for high Re flows. These aspects, described
in [1] and [7], offer further insights into the mechanics of re-
laminarization.
Reynolds Stress
Returning to the Reynolds stresses, the shear stress in
the BK-flow was found experimentally to be varying little
along streamlines compared to the changes in the dynamic
pressure (1/2)ρU2e in the outer layer. A similar observa-
tion was made in [7] regarding the BR experiments [16].
Among the more recent experiments, Reynolds stresses from
the available data for BT and WF2 (X-wire data for WF4
are not available), calculated along the mean streamlines, are
shown in Figure 3. The streamfunction was calculated using
mean velocity profiles given for these experiments in wall
variables u+,y+ from ψ/ν =
∫
u+dy+. It can be noted from
Fig. 3 that for BT-flow, as we go away from the wall in
the boundary layer (increasing ψ/ν), there is less than 20%
variation in the Reynolds shear stress, whereas the dynamic
pressure increases nearly 20 times (see Fig. 2) over the same
distance.
Conservation of mean-flow vorticity
One direct consequence of the outer layer being stress-
free is conservation of mean angular momentum (hence
mean vorticity ω∼ (Ue−Us)/δ). This explains the thinning
of the boundary layer in the relaminarizing region as the dif-
ference between Ue and Us decreases as we go downstream
(shown in Fig. 8 later). This inviscid nature of the outer layer
also restricts entrainment across the layer. NS73 have shown
that this was supported by the experimental evidence at the
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Fig. 4: Boundary layer Reynolds numbers in the BT-flow.
The shaded portion shows the laminarized region (x1 to xrt ),
where QLT is expected to be valid (this convention is fol-
lowed in the later plots also)
time.
In Fig. 4, the Reynolds numbers based on δ,δ? and θ are
plotted for BT-flow. Also included is the Reynolds number
based on (δ−δ?), which is a measure of the boundary layer
mass-flux. It is obvious from the plots that in the laminarized
region there is very little variation in Reδ and Re(δ−δ?), in
contrast to Reδ? and Reθ. This strengthens the argument of
nearly constant mass flux in the boundary layer, and hence
very little entrainment.
This is confirmed in Fig. 5, showing data on Reδ for
other relaminarizing flow experiments. This plot also in-
cludes an entry from an experiment by Narahari Rao (la-
belled NR) in [22] . As δ? is very small compared to δ, Reδ
closely indicates the mass-flux across the layer. Barring a
little scatter (for example in WF4), the value of Reδ remains
approximately constant for all streamwise locations in the
laminarized region, indicating again little entrainment.
3.2 Solution of QLT
Based on the arguments presented above, a two-layer
model was proposed by NS73 to solve for the flow in the
quasi-laminar region. Figure 6 depicts these two layers that
constitute the quasi-laminar boundary layer. In this model
the outer layer is governed by the equation
u¯
∂u¯
∂x¯
+ v¯
∂u¯
∂y¯
=Ue
dUe
dx¯
(1)
and the inner by
u˜
∂u˜
∂x˜
+ v˜
∂u˜
∂y˜
=Us
dUs
dx˜
+ν
∂2u˜
∂y˜2
(2)
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Fig. 5: Boundary layer Reynolds numbers in the laminarized
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Fig. 6: Two-layer model. Matched asymptotic solution
Here the overbar and tilde represent outer and inner variables
respectively.
The boundary conditions for each layer are also shown
in Fig. 6, based on the matched asymptotic expansions in
the two layers (NS73). Here the slip (or surface) velocity Us,
which the inner layer sees as the ‘free-stream’ velocity at its
edge, can be calculated after the origin of the inner laminar
layer (called ‘virtual origin’) is fixed.
3.3 Choice of virtual origin
The precise definition of virtual origin is a grey area,
as there is no single parameter to locate a precise ‘onset of
relaminarization’. In Fig. 7, different pressure gradient pa-
rameters are plotted over the c f plot for four flows. The pro-
posed critical values for the parameters K?,∆?p,Λ? listed in
Table 1 (with K? as suggested by [12]) are also plotted on
the abcissa. There is some scatter among these criteria, but
as observed by NS73, a precise definition of the virtual ori-
gin is not compulsory for quasi-laminar calculations, as the
effect on the solution is not significant unless the origin is
appreciably altered.
This has been largely found to be true for the current
calculations where the beginning of the contraction (x0) has
been taken as the virtual origin (here ∆?p ' −0.02). In
the case of BT-Flow, however, quasi-laminar calculations
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Fig. 7: Different pressure gradient parameters for the predic-
tion of onset of relaminarization. Triangle - K?, Circle- ∆?p,
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with x0 as virtual origin lead to slightly over-predicted skin-
friction values. However, when the origin is shifted further
upstream (x− x0 = −1.57m), the predictions are improved
(see Figure 12 in section 5) . Interestingly there are no appre-
ciable effects of this shift of origin on the other parameters
such as shape factor or boundary layer thickness.
This shift of the effective origin of the inner laminar
layer could be due to the upstream effect of the flow in the
BT-experiment, with its long history of flow before the sud-
den and large contraction compared to other relaminarizing
experiments. The upstream effects of this contraction can be
seen in Figure 12, where velocity as well as K are shown
to be rising even 1.57 m before the contraction. It has been
found that one satisfactory way of determining an effective
virtual origin for the laminar sub-boundary layer would be to
see if Us(x) in the laminarised region belongs to the Falkner-
Skan family. This can be done by putting Us ∼ (x− x0)m,
where both x0 and m can be determined by a least-squares
procedure. We have actually done this for the BT-flow and
the fit is statistically good to r2 = 0.99, with x0 =−1.5m and
m = 7.4328.
After the virtual origin is fixed, NS73 computed the slip
velocity for the outer layer (or the ‘external’ velocity for the
inner layer) using Us =
√
(U2e −U2e0)+U2s0, where Ue0 and
Us0 are respectively external and slip velocities at the virtual
origin. Us0 can be taken as zero or a very small value. Figure
8 shows Ue and Us for the BT-flow.
Once Us is known, solutions for both the layers can be
computed separately using their respective governing equa-
tions, and the uniformly valid solution can be obtained by
taking the union of the two.
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Fig. 8: External velocities for outer (Ue) and inner (Us)
layer calculations. Downstream of the relaminarizing region,
(Ue−Us) decreases very fast.
4 Numerical Method
The predictions for the relaminarizing flows have been
obtained using both turbulent boundary layer (TBL) mod-
els and quasi-laminar theory (QLT). Two separate codes are
written to solve their respective 2D equations using an im-
plicit finite difference method. These codes are written in
MATLAB and largely follow the schemes described in [23].
4.1 Turbulent boundary layer
In this code, the full turbulent 2D incompressible bound-
ary layer equations, as given below, are solved.
u
∂u
∂x
+ v
∂u
∂y
=Ue
dUe
dx
+
1
ρ
∂
∂y
(
µ
∂u
∂y
)
−ρu′v′ (3)
The flow is assumed to be fully turbulent from the first re-
ported location in the experiments (which is the case for the
experiments mentioned). The initial skin friction is obtained
using the Blasius turbulent skin-friction law and the initial
boundary layer velocity profile is formed using the Coles ve-
locity profile combining the law of the wall and the law of the
wake. A total of 5000 points were used across the boundary
layer without any grid stretching. No-slip boundary condi-
tion was used at the wall without any wall-function model.
4.1.1 Turbulence models
The Reynolds shear stress term in Eqn. 3 is obtained
with a mixing length model (MLM) as well as an algebraic
eddy viscosity model (EVM). For MLM, a length scale (lm)
based on Prandtl’s mixing length idea is introduced to calcu-
late the stress term
−ρu′v′ = ρl2m
(
∂u
∂y
)2
Table 3: Turbulence models used in BL calculations
Outer Wall
MLM ( lm) 0.09δ κy
[
1− exp(− y
+
A+
)
]
EVM (µT ) 0.018ρueδ? κρν
[
y+− y+a tanh
(
y+
y+a
)]
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Fig. 9: Prediction using TBL code for BT-flow
whereas in the case of EVM, the eddy viscosity (µT ) is in-
troduced to simplify the equations to the form of the laminar
flow equations, assuming that the shear-stress is given by:
−ρu′v′ = µT
(
∂u
∂y
)
There are numerous models available in the literature to com-
pute lm and µT . Here we follow the composite models as
given in [23]. The turbulent boundary layer in terms of lm or
µT can be divided in two layers - wall and outer. The model
parameters used in our calculations for these two layers are
listed in Table 3. Here κ is the von Ka´rma´n constant,
taken as 0.41 for the present calculations. The wall layer
MLM is the well-known Prandtl-Van Driest mixing length
model, with damping length constant A+ = 26. Cebeci and
Smith [24] introduced modifications in this model to account
for the pressure gradient in the flow, taking the constant as
A+ = 26/N, where N = (1+11.8∆p)1/2.
In EVM, the outer and wall layer models are due to [25]
and [26] respectively. Here y+a is another dimensionless
length scale in the order of laminar boundary layer thickness
and is taken as 9.7 (after [25]).
Figure 9 shows the predictions of skin-friction for
BT flow with the different turbulence models described
above. In the fully turbulent region where acceleration is
not very high (x < x0), both MLM and MLM-PG (MLM
with pressure-gradient modifications suggested in [24]) show
good match with the experimental data but all of them fail
conspicuously in the relaminarizing region. MLM-PG does
only slightly better than MLM in this region.
EVM consistently overpredicts the c f value, even in the
region x< x0. This may be because the Clauser model [25] is
developed mainly for equilibrium pressure gradient turbulent
flows, which is not the case for the BT-flow. However, as [23]
concludes, “there is no other known eddy viscosity model
that is more generally applicable”.
We have also solved the turbulent boundary layer us-
ing several momentum intergral methods including the meth-
ods proposed by Spence [27] (used by [1]), Head [28] and
Moses [29], but the results are similar or worse than those
obtained with MLM-PG. It is also known that even more
sophisticated transport equation based models such as SA,
SST, k− ε etc. fail to predict boundary layer parameters suf-
ficiently accurate in the relaminarizing region [30].
For the comparative study between fully turbulent and
quasi-laminar calculations in the following section, the re-
sults with MLM-PG turbulence model are compared with
QLT for the relaminarizing region.
4.2 Quasi-laminar layer
In the QLT code, the equations for the inner and outer
layers are solved separately as in NS73.
4.2.1 Inner layer
The equation for the inner layer Eqn. 2 is solved di-
rectly using implicit finite difference method as against the
Falkner-Skan or Thwaites method used in NS73. The initial
profile for this laminar boundary layer is assumed to be the
Pohlhausen cubic velocity profile with the pressure gradient
and initial skin-friction taken from Blasius skin-friction law.
To solve the equation, the numerical schemes given in [23]
are used with 251 points along the boundary layer. The wall
shear stress (τw) obtained from this inner layer solution is
normalized with 0.5ρU2e to obtain the skin-friction for the
quasi-laminar region.
4.2.2 Outer layer
To solve the outer layer equations, we follow the sim-
ple integral method suggested by NS73, where momentum
and energy integral equations are used to obtain a first-order
differential equation in the exponent of the power law ve-
locity profile. This is acceptable as the overall solution of
QLT is not very sensitive to the origin of the outer layer. In
the present case, the initial power law velocity profile for the
outer layer is obtained using a fit of the turbulent boundary
layer profile (as calculated from the TBL code) at the corre-
sponding location. The differential equation is then solved
using the ODE45 solver available in Matlab 8.3.
Once the profiles for both the layers are known, the rele-
vant boundary layer parameters of interest such as δ,δ?,θ,H
etc. can be obtained from the uniformly valid profile. Figure
10 shows the solutions for inner and outer layers along with
Fig. 10: Uniformly valid solution using 2-layer model
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Fig. 11: Velocity gradients for BT flow. (dUe/dx)0 indicate
streamwise velocity gradient at x = x0
the uniformly valid solution at a location x− x0 = 0.2 in the
relaminarizing region of BT-flow.
5 Results and discussion
In this section, we compare the results for BT-flow as
obtained using QLT and TBL. Before proceeding further,
it is important to verify that the boundary layer (and hence
quasi-laminar) assumptions are valid in the high FPG region
as the streamwise gradients are very high. Figure 11 com-
pares the streamwise gradient with boundary layer shear for
the full flow as well as outer flow. The substantial logitu-
dinal strain rate in the flow is obvious from the fact that
the non-dimensional velocity gradient dUe/dx goes as high
as 20, whereas the maximum non-dimensional strain rate in
the outer flow, which is d(Ue−Us)/dx, is only 0.65. The
shear ∂U/∂y in the outer layer (of order (Ue−Us)/δ), how-
ever, continues to be higher than this streamwise derivative
d(Ue−Us)/dx in the laminarized zone, by a factor between
(a) (b)
Fig. 12: Solutions for (a) BT (b) WF4 flows using TBL and QLT. Dashed and solid thick lines represent predictions with
TBL and QLT respectively. Markers are experimental values.
4 and 20. This value can be considered sufficiently high to
get approximate answers from boundary layer theory.
Figure 12(a) shows the solution obtained for QLT as
well as TBL for this flow. The top panel shows the distri-
bution of external velocity as well as pressure gradient pa-
rameter K for both experiment and computation. A cubic
smoothing spline was used to fit Ue obtained from experi-
ment and a slight deviation in K is expected. The deviation
is unavoidable due to the necessity of using a smooth and
differentiable velocity field. It should be mentioned that ex-
perimental data used here are hand-extracted from the figures
given in the publication as we did not have access to digitized
data.
In the second panel from the top, the experimental val-
ues of c f are compared with the predictions of TBL and QLT.
For the region (x < x0), where the flow is fully turbulent and
pressure-gradient is very mild, the predictions with the TBL
are very good; however in the strong pressure gradient re-
gion (x > x0), c f is very poorly predicted. On the other hand,
the predictions with the QLT are unacceptable in the fully
turbulent region but they are dramatically better in the quasi-
laminar region compared to TBL. The same trend is observed
for shape factor as well as boundary layer thickness (bottom
two panels), where predictions with QLT are much closer to
experiment than TBL for the quasi-laminar region. It is ex-
pected that predictions in c f by QLT can be further improved
by using a better initial profile. This work is currently in
progress.
There is a small region in the boundary layer (−0.05 <
x− x0 < 1.05) where none of these predictions, either by
TBL or QLT, seem to be valid. This region was identified as
transitional in [7] and has been called ‘island of ignorance’
in [11]. A careful interpolation based on predictions from
TBL and QLT using intermittency may make the predictions
better in this region. This work is currently in progress.
The superiority of QLT over TBL in the quasi-laminar
region is supported by the other experiments mentioned in
Table 2. For the sake of completeness, the predictions for
another high Re flow WF4 are presented in Fig. 12(b). The
observations made regarding TBL and QLT above for the
BT-flow can be repeated for this flow as well.
6 Conclusions
A simple but robust quasi-laminar theory (QLT) has
been proposed by [1] to explain the later stages of relaminar-
ization. QLT is based on a two-layer model: a sheared outer
stress-free inviscid layer under the effect of acceleration, and
an inner viscous sub-boundary layer that is stabilized by the
FPG and develops subsequently to satisfy the no-slip bound-
ary condition. Earlier tests of this theory were mostly against
low Re experiments [1, 7].
In this paper, we assess the two-layer model based on
QLT for recent experiments which have a relatively long tur-
bulent boundary layer history (high initial Reθ0) and have
been conducted with improved instrumentation and better
control. For reasons stated in section 2, [9] is considered
for a detailed assessment of QLT. The basic principles be-
hind this theory such as nearly frozen Reynolds stress and
constant mass flux in the outer layer are first assessed.
In the later stages of relaminarization, QLT provides
a superior match with experimental results than turbulent
boundary layer codes. The main limitation of the QLT is
the choice of an effective virtual origin for the inner layer,
which is due to lack of a precise definition of onset of relam-
inarization.
A new single integrated model, combining a turbulent
boundary layer code with QLT but each in their respective
regions of validity, has been proposed and is currently being
evaluated.
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